Increasing the toughness of brittle ceramics with fibers has received much attention in the last five years. Many models have been put forth to describe the various facets of cracking in these materials. The intent here is to evaluate bow well a relatively simple computational representation of the crack openings for a fracture in a fibrous material predicts the crack openings actually measured in an experimental specimen. The cracks are modeled as distributions of discontinuities within a surface integral representation. The influence of the fibers are accounted for through closing tractions applied at the fracture surfaces. Experimental specimens were loaded using a tensile substage mounted in a scanning electron microscope to visually monitor the crack and damage development. Some of the physical processes associated with matrix crack-fiber interactions were also evident.
INTRODUCTION
A major driving force for developing ceramic matrix composites is the potential of fabricating materials which retain the excellent thermal and stiffness characteristics of monolithic ceramics but have enhanced fracture toughness (e.g.. Chou et al., 1986) . Such materials would find obvious application in high temperature engine components. There are a number of mechanisms at the microstructure] level which bold promise for achieving this end, one of them being fiber reinforcement.
The fracture of fiber-reinforced ceramics is typically different from that in monolithic ceramics, which often fail by the growth of a single crack on a plane normal to the maximum principle stress. Fiber composites, on the other hand, can fail by a variety of mechanisms, depending on the fiber/matrix interfacial characteristics and the interaction between a crack front and the reinforcement. Crack deflection, fiber pull-out, matrix microcracking, crack bowing and fiber bridging have been identified as major mechanisms of toughening of fiber' reinforced ceramic matrix composites.
This work establishes a two-dimensional computational model to represent the increased toughness exhibited by a 1(0190)4 5 composite system composed of a glass matrix reinforced with nicalon fibers, subjected to uniaxial tension parallel to the 0* fiber direction, through crack opening displacement calculations. This approach is relatively simple and flexible to implement in comparison to many other twodimensional models which have been proposed in the literature (Evans,1990) . A number of approaches have been proposed in the literature to explain the increased toughness exhibited by fiber reinforced ceramic matrix composites. These approaches are based upon various descriptions of how to account for the presence of the fibers. Common models include shear lag , load transfer, debonding, and the fiber pull-out model. The enhanced toughness of fiber-reinforced ceramic composites is believed primarily to stem from the fibers left intact in the wake of an advancing fracture. This phenomenon is known as 'bridging.' In the above models it is common to represent the bridging fibers as closing tractions appled to the crack faces (e.g., Marshal, et al., 1985, Marshal and Cox, 1987) . The intent here is to see if such a simplified approach captures the proper crack opening behavior in a model composite.
COMPUTATIONAL APPROACH
Computational implementation of the two-dimensional displacement discontinuity method for fractures was popularized by Crouch (1976) . The methodology involves placing displacement discontinuities along the boundaries of the region to be analyzed Cm this case a crack), then solving a system of algebraic equations to find the discontinuity values that produce prescribed boundary tractions. The problem of determining the displacement fields in an elastic half-space containing an edge crack is of particular significance in this investigation since it matches the experiments conducted for verification. The following section briefly describes the twodimensional (plane strain) formulation of the displacement 1 1 (7)
discontinuity method for homogeneous, isotropic, linearly elastic materials for semi-infinite regions. The analytical formulation for the half space is obtained by using a procedure known as the method of images. Using this method, the solution is found in two stages. In the first stage of the analysis, an infinite body containing two line segments with constant displacement discontinuities is considered. Referring to Figure 1 , one of these, in y > 0, represents the "actual" discontinuity while the other, in y < 0, represents its "image", reflected about the line y=0. This makes the shear traction r, = a", vanish all along y = 0 due to symmetry. It can be seen from Figure 2 that the edge crack lies along the line x = 0. In the second stage a supplementary solution is added to make the normal traction r = on y = 0 vanish.
YY
Here we follow the development as presented in Crouch 
Denoting the stresses due to the actual displacement by cro ", those due to its image by cr,', and those resulting from the supplementary solution by cri ,, the complete solution for the half-plane y2 0 is: where rt, is the normal to each element, defining the traction direction. The most computationally intensive phase of the solution is calculating the nonsymmetric, fully populated influence coefficient matrix.
The numerical procedure involves considering the semiinfinite body containing N crack segments across which the normal displacements are discontinuous. Let the jth segment have half-width ay direction cosines /) and ?xi , and midpoint coordinates xi , 3,1 and the normal displacement discontinuity 8 1 . The stress an at an arbitrary point x, y in the body due to the jth discontinuity can be computed directly from equation 3. The total stress at point x, y is given by a summation of N terms, one for each of the elemental discontinuities in the body. The total normal traction at the midpoint of the ill) segment can be put in the foim
The unprimed coefficients in the above expression are the infinite body functions while the primed coefficients represent correction terms to account for the presence of the traction-free surface.
For the present case of an edge crack perpendicular to the free surface, all the crack segments are placed end to end and oriented in the same way with respect to the global coordinate system. For this case,
The crack is modeled as a series of these discontinuities distributed over discrete elements. The discontinuity is divided into a certain number of elements. The effect of the number of elements on the final result will be discussed later. Also the mid-points of these elements are taken as the points where the tractions are known. The crack opening displacements 45 need to be calculated. Once 15 is known, the stress intensity factor can be calculated. In the present analysis, & is taken to be a constant over each element. Since the aim is to calculate the displacements 81 , 82 , 53 ... etc. for each element, we seek to formulate the problem as a system of algebraic equations:
In this equation, Care influence coefficients calculated using analytical stress relationships and r; are the tractions at the mid-points of each element. For a monolithic material loaded uniformly in the y direction, the tractions are equal to the tensile load being applied to the specimen, i.e.
t; = CU R./ ( 5) (4'+a)3 (et-a) );
(4' -a)z where 4 and e' are given by equations 8 and 9.
Equation (7) is the final form of the equation used to calculate the influence coefficients in the program module.
For linear elastic bodies, the stress intensity factor, K. is a measure of the propensity for crack extension: the higher is the stress intensity factor, the greater is the tendency for the crack to advance. Although it is understood that the presence of fibers will introduce nonlinear behavior, the approach taken (8) (9) here for assessing the influence of the bridging fibers is to use the crack opening displacements obtained from the procedure outlined above to calculate an effective stress intensity factor. For this we employ the asymptotic, near-tip crack opening displacement solution length of the crack behind the bridging zone over which the fibers break.
According to Budiansky and Amazigo (1989) . the crack opening displacement in terms of the axial stress in the fiber is given by
- (11) 3-v for 1+v plane stress, G is the shear modulus, r is the distance from the crack tip to the center of the crack element and 5(r) is the crack opening displacement.
In equation (8), r, and the corresponding S(r) need to be chosen as close to the crack tip as practical. It is possible to explicitly incorporate the form of this asymptotic solution into the interpolation function of the elemental displacement discontinuities to form specialized crack tip elements: While this is advisable for monolithic bodies, we do not take this approach here since we do not know how the non-linearities associated with the fibers and interfaces in the crack tip process zone will affect the nature of the opening displacements. Hence, collocation point displacements are fitted to match the parabolic opening near the crack tip.
The computational approach was checked against the theoretical solution for a center crack in an infinite plate to determine heuristic rules for extracting the stress intensity factor using constant elements. A trade-off must be made given that (i) the constant elements do not capture the large deformation gradient near the tip, so the more of the crack which is considered, the better the actual opening is represented. and (ii) the asymptotic crack opening solution used to calculate the stress intensity factor breaks down as distance from the tip increases. Figure 3 shows a plot between the calculated stress intensity factor, Kcal, and the theoretical value. Kth, versus percentage of the crack used in the K cal approximation. Solutions run for increasing numbers of elements, i.e. decreasing element sizes, suggest that the portion of the crack to include in the stress intensity factor calculation is between 10% and 20% of the half crack length.
Concerning the closing traction exerted by individual bridging fibers, it is likely that in actuality the magnitude increases with increasing opening displacement until the fibers break. From that point onwards the closing traction decreases until the fibers are completely pulled-out of the matrix. In the present model proposed, this cycle is represented by a constant closing traction as an approximation. This closing traction, T, exerted by the fibers is applied across the fiber sites (Figure 4) and is superimposed over the opening traction, P. The relative size of the elements which have the closing traction applied is tied to the volume fraction of fibers and to the shear resistance of the interface.
The effect of the bridging length and the closing tractions exerted by the fibers on the effective stress intensity factor of the composite is studied. The computational analysis has been extended to encompass varying volume fractions of the fibers in the composite. In the present model, a steady state assumption has been made regarding the bridging length. This means that the length by which the crack extends equals the where af is the axial stress in the fiber, a, is the reference stress, f is the volume fraction of the fibers, and g m is the critical matrix energy-release rate.
The reference stress a, is given by
where v", is Poisson's ratio for the composite. E is the composite modulus of elasticity, and E," are the Young's
Moduli of the fiber and matrix respectively, and r is the radius of the fiber.
B is a constant and is given by
Equation (11) can be used to calculate 5' by substituting a, for af , where 15' is crack opening displacement at the back of the bridge zone and a, is the breaking stress of the fiber. This gives an estimate of the bridge length, when comparing S' with the crack opening displacements, over which the closing tractions will be applied.
EXPERIMENTAL DETAILS
The substage used in the experiments permits a user to observe the effects of tensile or compressive stresses of up to 1000 lb on a relatively small test specimen mounted in an SEM chamber. This substage has a load cell and a motor drive system.
The specimens are made of a composite system which consists of a barium-magnesium aluminosilicate (BMAS) matrix that contains SiC over RN coated Nicalon fibers. The fiber coatings have been applied by a chemical vapor deposition process. Carbon is deliberately added to the RN precursor since it has been found that the carbon addition minimizes reactivity during deposition between the EN and the Nicalon fibers.
Experimental specimens were cut from a 10 x 10 cm 1(0/90)4h BMAS glass-ceramic composite panel. The material was hot-pressed subject to a maximum temperature of 1420 0 -14400 C at 6.9 MPa pressure for 5 to 10 minutes in an Argon atmosphere. Complying with the requirements of the tensile substage, the dimensions of the experimental specimens was chosen to be 3.8 cm long x 0.65 wide x 0.32 cm thick. A small notch was machined into each specimen in order to localize the damage and crack development.
During loading, all five of the specimens tested exhibited the same stages of damage evolution. shows the development of failure observed in the notch region for the composite. Stage one involves the formation of distributed damage in the matrix around the notch. Stage two is characterized by the formation of (usually two) microcracks emanating the notch. Finally, in stage three, one of the microscopic cracks grows into a macroscopic one. This microcrack extends in a quasi-stable manner for a period of time before dynamically traversing the specimen. During the quasi-stable extension the mechanisms of crack bridging and fiber pull-out can clearly be seen under the SEM. Figure 6 shows a photograph of the trailing edge of a bridging zone capturing the transition from bridging to pull-out
COMPARISON WITH EXPERIMENT
The results of the numerical model are compared with the experimental results for one of the specimens tested. During the quasi-stable extension of the dominant micro-crack the crack opening displacements were recorded under the scanning electron microscope under a load of 880 N. At the instant chosen, the crack was 2.5x10 -4 m long and subject to an opening pressure of 44 MPa.
There is a stress concentration around the notch region and hence the actual stress experienced by the crack is greater than that applied remotely to the specimen, a o . The stress concentration effect of the notch is approximated by
b where (re is the stress in the notch region, a is the semimajor axis of the ellipse, and b is semi-minor axis of the ellipse.
Hence, ae is the opening traction used in the calculations. Also, a nominal closing traction equal to ae is assumed in the numerical model. The major and minor axes of the elliptic notch was measured and equation 12 used to calculate a e . cre was found to be 440 MPa, ten times the applied nominal stress. Equations 11 through 13 are used to calculate 6', the crack opening displacement at the back of the bridged zone.
Using ER, = 15 GPa, Ey = 250 GPa, g", = 96 Ne i , a =2.5 GPa, f =0.5, r=5 = 132 GPa, o, = 0.2, 5' comes out to be 1.9x10-6 m. This gives an estimate of the bridge length when comparing with the crack opening displacements of the unreinforced edge crack. Table 1 lists the experimental crack opening displacements (COD) for the edge crack in a half plane and perpendicular to the free surface as a function of the distance behind the crack tip.
Comparison of the experimental crack opening displacements with the numerical crack opening displacements reveals a fairly good match; the difference ranges from about 5% to 20%. It can be seen from Table 1 that the numerical model overestimates the crack opening displacements in comparison to the experimental crack opening displacements. The major problem encountered in interpreting the measured data was that the crack trajectory, although straight on a macroscopic scale, appears to meander across the specimen when viewed under such high magnifications. This makes it difficult to measure the experimental crack opening displacements.
CONCLUSIONS
The methodology can be used to predict the variations in crack opening profiles with the volume fraction of and the frictional resistance afforded by the fibers. This variation is presumed to dictate the propensity of fracture growth and can therefore be considered an "effective" stress intensity factor, Ke . This value is used for comparision purposes only as being indicative of the severity in crack opening profiles. Figure 7 shows the ratio of the effective stress intensity factor and that which would occur in an unreinforced material possessing no fibers but having the average composite properties, Ke ff/K no fiber , versus fiber closing traction, T/P (refer to figure 4) for an edge crack in a material system with varying volume fractions of fibers. Figure 8 shows the plot between KefilK no fib" versus 1/a for varying T/P ratios for an edge crack, where 1/a is the bridge length normalized by the crack length. Knowing the closing traction, we can find the effective stress intensity factor from Figure 7 for a given volume fraction of fibers. From the calculated effective stress intensity factor, the bridging length can be estimated from Figure 8 for the given T/P ratio.
It can be concluded that the present simple approach for modeling the fiber reinforced ceramic-matrix composites holds promise for accurately representing crack displacements. •-. 
FIGURE 7. COMPUTATIONAL PREDICTION OF THE VARIATION IN NORMALIZED STRESS INTENSITY FACTOR WITH THE FRACTION OF THE CRACK LENGTH BRIDGED BY FIBERS FOR THREE VALUES OF CLOSING TRACTION. ALL THE CURVES REPRESENT 50% VOLUME FRACTION OF FIBERS IN THE NICALON-GLASS COMPOSITE. FIGURE 8. COMPUTATIONAL PREDICTION OF THE VARIATION IN NORMALIZED STRESS INTENSITY FACTOR WITH CHANGING CLOSING TRACTION FOR FOUR VALUES OF FIBER VOLUME FRACTION, Vt. ALL THE DATA REPRESENTS BRIDGING LENGTHS PREDICTED BY EQUATION 11 FOR DISPLACEMENTS CORRESPONDING TO THE FIBER BREAKING STRESS FOR THE NICALON-GLASS COMPOSITE.

